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Abstract 

Let be a finite-dimensional semi-simple Lie algebra, f) a Cartan subalgebra of g, and W its Weyl group. The 
group W acts diagonally on V := f) ® f)*, as well as on C[V]. The purpose of this article is to study the Poisson 
homology of the algebra of invariants C[V]'^ endowed with the standard symplectic bracket. 
To begin with, we give general results about the Poisson homology space in degree 0, denoted by H Po{C[V]^ ) , 
in the case where g is of type Bn — Cn or D„, results which support Alev's conjecture. Then we are focusing the 
interest on the particular cases of ranks 2 and 3, by computing the Poisson homology space in degree in the cases 
where g is of type B2 (sos), D2 (SO4), then B3 (SO7), and D3 = A3, (soe ^ sU). In order to do this, we make use 
of a functional equation introduced by Y. Berest, P. Etingof and V. Ginzburg. We recover, by a different method, 
the result established by J. Alev and L. Foissy, according to which the dimension of HP(,{C\V'^) equals 2 for 
B2. Then we calculate the dimension of this space and we show that it is equal to 1 for D2. We also calculate it 
for the rank 3 cases, we show that it is equal to 3 for B^ — C3 and 1 for D3 = A3. 
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1 Introduction 

Let G be a finite subgroup of the symplectic group Sp(V), where V is a C~ vector space of dimension 2n. Then 
the algebra of polynomial functions on V, denoted by C[V^], is a Poisson algebra for the standard symplectic 
bracket, and as G is a subgroup of the symplectic group, the algebra of invariants, denoted by C[V]'^, is also a 
Poisson algebra. 

Several articles were devoted to the computation of Poisson homology and cohomology of the algebra of inva- 
riants C[y]'^. In particular, Y. Berest, P. Etingof and V. Ginzburg, in [BEG04) . prove that the 0— th space of 
Poisson homology of C[y]'' is finite-dimensional. 

After their works |AL98) and |AL98) . J. Alev, M. A. Farinati, T. Lambre and A. L. Solotar establish a fundamental 
result in [AFLSO O] : they compute all the spaces of Hochschild homology and cohomology of An{C)'^ for every 
finite subgroup G of Sp2„C. 

Besides, J. Alev and L. Foissy show in |AF06) that the dimension of the Poisson homology space in degree of 
C[f) © f)*]^ is equal to the one of the Hochschild homology space in degree of A2{C)^ , where is a Cartan 
subalgebra of a semi-simple Lie algebra of rank 2 with Weyl group W. 

In the following, given a finite-dimensional semi-simple Lie algebra g, a Cartan subalgebra f) of g, and its Weyl 
group W, we are interested in the Poisson homology of C[V]*' in the case where V is the symplectic space 
V := f) f)* and G := W. 

The group W acts diagonally on V, this induces an action of W on C[V]. We denote by C[V']'^ the algebra of 
invariants under this action. Endowed with the standard symplectic bracket, this algebra is a Poisson algebra. 
The action of the group W on V also induces an action of W on the Weyl algebra A„(C). 

To begin with, we will give general results about the Poisson homology space in degree of CfV]^ for the types 
B„ — Cn and Dn, results which support Alev's conjecture and establish a framework for a possible proof. Sections 
2.3, 2.4 and 2.5 contain the main results of this study. 

Next we will use these results in order to completely calculate the Poisson homology space in degree 0, denoted 
by HPo{C\y]^), in the case where g is SO5 (i.e. B2) — so we recover, by a different method, the result established 
by J. Alev and L. Foissy for SO5 in the article |AF06| . namely dim HPo{C\y'^) = 2 — then in the case where g 
is SO4 (i.e. D2 = A\ X A{) by showing that dim i/Po(C[V]^) = 1. Finally we will prove the important property 
for rank 3 : 



Proposition 1 (Poisson homology in degree 0— /org of rank 3j 

Let HPo{C\V^) be the Poisson homology space in degree o/C[l/]'^ and HHq (^n(C)^) the Hochschild homo- 
logy space in degree of An{C)^ . 

For g of type B3 (SO7), we have dim HPo {C[V]^) = dim HHq (yl„(C)^) = 3. 
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For g of type D3 = A3 (soe ~ sIa), we have dim HPo {C[V]^) = dim HH„ {A„{C)^) = 1. 

In order to carry out the computation we will use the functional equation given in the article }BEG04j quoted 
above. 



2 Results about — Cn and Dn 

As indicated above, we are interested in the Poisson homology of C[[) © f)*]'^, where f) is a Cartan subalgebra of a 
finite-dimensional semi-simple Lie algebra g, and W its Weyl group. We will study the types Bn and D„. Recall 
that the root system of type C„ is dual to the root system of type Bn. So their Weyl groups are isomorphic, and 
the study of the case Cn is reduced to the study of the case Bn. 

2.1 Definitions and notations 

• Set S := C[x, y] = C[a;i, . . . , Xn, yi, - .■ , Vn]. 

For m e N, we denote by S{m) the elements of 5' of degree m. 

For B„, we have W = (±1)" x &n = (±1)" ■ S„ (permutations of the variables and sign changes of the variables). 
For Dn, we have W — (±1)"~^ x 6„ — (±1)"~^ ■ 6n (permutations of the variables and sign changes of an even 
number of variables). 

Every element (ai, . . . , a„) £ (±1)" is identified with the diagonal matrix Diag{a\, . . . , a„), and every element 
a £ &n is identified with the matrix (<5i,(T(j))(i.j)g[i, n]- We will denote by Sj the j— th sign change, i.e. 

Sj(xfe) = a;fe if / j, Sj{xj) = -Xj, and Sj{yk) = t/k if fe / j, Sj{yj) = -yj. 

As for the elements of (±1)"~^, they are identified with the matrices of the form 

Diag{i-iy\ (-l)'l+»^ {-iy-+^^ (_i)«^-2+».-i, {-ly--^), 

with ik G {0, 1}. We will denote by Si,j the sign change of the variables of indices i and j. 

9 
, 9 

The (right) action of W on S is defined for P £ S and g G W by 



So, all these elements are in 0„C, and by identifying g € W with I ^? ^ ) , we obtain W C Sp2„>i 



/ n n n n \ 

ff-P(x, y) ~ P i^gijXj, ^gnjXj, ^gijyj, ^g^jVij. 
So we have h ■ {g ■ P) = (gh) ■ P. 

In the particular case where a G (S„, we have a ■ P(x, y) = P{x^-i(^ij, . . . , x^-i(^„-j, • ■ • 1 yo--i(n))- 

• On S, we define the Poisson bracket 

{P, Q} := (VP, VQ) = VP ■ (J VQ) = VxP ■ VyQ - VyP ■ VxQ, 

where (•, ■) is the standard symplectic product, associated to the matrix J = ^ ^ 

As the group W is a subgroup of Sp((-, ■)) — Spj^C, the algebra of invariants is a Poisson algebra for the 
bracket defined above. 

• We define the Reynolds operator as the linear map P„ from S to S determined by 

We set A — C[z, t] = C[zi, . . . , Zn, ti, . . . , tn] and S' := A[:k, y], and we extend the map Rn as a A— linear map 
from S' to S' . 

Remark 2 

In the case of Bn, every element of has an even degree. (It is false for Dn). 
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2.2 Poisson homology 

• Let A be a Poisson algebra. We denote by Q,''{A) the A— module of Kahler differentials, i.e. the vector space 
spanned by the elements of the form Fq dFi A ■ ■ ■ A dFp, where the Fj belong to A, and d : OF [A) QF^^{A) is 
the De Rham differential. 

We consider the complex 

^ Q.\A) n^{A) n^iA) Q^{A) n^A) 

with Brylinsky-Koszul boundary operator dp (See |B88]) : 

p 

dp{Fo dFi A ■ ■ ■ A dFp) = ^{-iy+^ {Fq, Fj} dFi A ■ ■ ■ A dF^ A ■ ■ ■ A dFp 

j=i 

+ (-ly'^^ Fod{F^, Fj} AdFi A- ■ ■ A'dJ^i A- ■ ■ AdFj A- ■ ■ AdFp. 

l<z<j; <p 

The Poisson homology space in degree p is given by the formula 

HPp{A) = Ker dp / Im dp+i . 
In particular, we have HPo{A) = A / {A, A}. 

• In the sequel, we will denote HPo{C[V]^) by HPo{W) and HHo{C[Vy^) by HHo{W). 



2.3 Vectors of highest weight 

The aim of this section is to show that 5'^ (2) is isomorphic to sh and that the vectors which do not belong to 
are among the vectors of highest weight of the sb— module , an observation which will simplify 
the calculations. 



Proposition 3 

For Bn (n > 2) and Dn (n > 3), the subspace (2) is isomorphic to sb. More precisely (2) = {E, F, H) 
with the relations {H, E} = 2E, {H, F} = —2F and {E, F} = H , where the elements E, F, H are explicitly 
given by 

S= fi?„(x?) = ix-x F= -fi?„(y?) = -ly.y H = -nR4xiyi) = -^-y. 

For D2, we have (2) — {E, F, H) © (£', F\ H') (direct sum of two Lie algebras isomorphic to sl2). 
So the spaces S and are ${2 — modules. 

Proof : 

We demonstrate the proposition for B„, the proof being analogous for Dn. 

• As x\ is invariant under sign changes, we may write Rn{x\) — ^ $I^o.ee„ (^'^i- Moreover, we have the partition 
6„ = \Tj^i where Aj := {a G 6„ / (7(1) = j} has cardinality (n — 1)!. 

Thus R n{^i) — ~ — ^1 ^' y^j_]^ Xj . We proceed likewise with Rn{yi^ and -Rn(^iyi). 

• We obviously have (2) 3 {E, F, H). 

Moreover, R{xf) = R{xi), R(y^) = R{yi) and R{xjyj) = R{x\yi). Last, if i 7^ j, then XiXj, yiyj and Xiyj are 
mapped to their opposite by the i— th sign change Si, and 

W = Si ■ (si, Si-i, Si+i, s„) ■ 6„ U (si, Si-i, Si+i, s„) • 6„, 

thus Rnix^XJ) = Rr.{v^V]) = Rn{x,yj) = 0. Heuce S^{2) C {E, F, H). 

• We have V£ = ^ ^ ^ , VF = ^ ^ and VJf = 
so {E, F} = H, {H, E} = 2E and {H, F} = 

We denote by Ssij the set of vectors of highest weight 0, i.e. the set of elements of S which are annihilated by the 
action of 5(2. 

For j £ N, we denote by S{j)s[2 the elements of Sjij of degree j. 

As the action of W and the action of sb commute, we may write (8^)^12 = (•S'sia)^ = and likewise 

for S'^UU^- 
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Proposition 4 

• If contains no element of degree 1, then the vectors of highest weight of degree do not belong to {S^ , S^}. 

• Let W he of type Bn (n > 2) or Dn (n > 3). If contains no element of degree 1, 3, , then the vectors of 
highest weight of degree 4 do not belong to {S^ , S^}. 

Proof : 

• The Poisson bracket being homogeneous of degree -2, we have (0) Ci {S^ , S^} = {5^(2), 5'*'(0)} = {0}. 

• Similarly, S^(4) fl {S'*', 5^} = {^^(O), 5^(6)} + {S'^(2), 5^(4)} = {sla, S^(4)}, according to Proposi- 
tionO With the decomposition of the SI2— modules, we have 6'^(4) = ©„gp, V'(m), with {sb, V(m)} — V{m) if 
meW and {sb, 1^(0)} = {0}. So if a G 5^(4) n {S*^, 5^}, then a £ 0„gN- V'(m).B 

Proposition 5 

For every monomial M = x'y-', we have 
{H, M} = (|i| - |j|)M 

{E, M} = ELiife^r 

In particular, every vector of highest weig 
Proof : This results from a simple cal( 

Remark 6 

Let j €z N and P £ {j). According to the decomposition of sl2 — module [j) in weight subspaces, we may 
write P = Pk with {H, P^} = kPk. So we have 

Thus the vectors which do not belong to {S^ , } are to be found among the vectors of highest weight 0. 



= (degJM)-deg^(M))M 

• • • -^fc-l -^k •'^k + l ■ ■ ■■^n yi ■ ■ ■ Uk-l ilk yfc + i ■ ■ ■ yn 

ifc — 1 in jl jk-1 3k+l 

■■■^k-l^k ^k+1 ■■■^nVl ■■■yk-lVk Vk+l ■ ■ ■ Vn 

iht is of even degree. 
culation. 



The following property is a generalization of Proposition 3 proved by J. Alev and L. Foissy in |AF06) . It enables 
us to know the Poincare series of the algebra Ss\2- 



Proposition 7 

For I en, we have 5,12(2; + 1) = {0} and dim 5,(3(20 = {C]'-^_^f - C;7„'C,"|7„'_2 • 



The following result is important for solving the equation of Berest-Etingof-Ginzburg, because it gives a descrip- 
tion of the space of vectors of highest weight 0, space in which we will search the solutions of this equation. In 
the proof of this proposition, we use the articles |DCP76j and |GK04j concerning the pfafEan algebras. 

Proposition 8 

For i ^ j, set Xi^j := Xiyj — ytXj. Then the algebra C[x, yj^a is the algebra generated by the Xij 's for (i, j) £ 
[1, n]^. We denote this algebra by C{Xij). 

This algebra is not a polynomial algebra for n > A (e. g. Xi, 2-^^3,4 — ^1,3^2,4 +^2,3X1,4 = 0/ 
Proof : 



• The inclusion C{Xij) C C[x, y],!^ being obvious, all that we have to do is to show that the Poincare series of 
both spaces are equal, knowing that the one for C[x, yjsij is already given by Proposition [71 

J for j = 1 . . . n, in the symplectic space endowed with the standard 

symplectic form (■) defined by the matrix J := ^ ^ ^ ) ' ^^-i / 1 < * < j < '^l be a set of indeterminates, 

and let T be the antisymmetric matrix the general term of which is Tij if i < j. Then, according to section 6 of 
|DCP76) . the ideal I1 of relations between the (ui, Uj) (i.e. between the Xi^j) is generated by the pfaffian minors 
of f of size 4x4. Set PF := C(X,,j>. So we have PF ~ C[(Tij) .^^.] / 12 =: PJb, i.e. the algebra PF is isomorphic 
to the pfaffian algebra PFq. Its Poincare series is given in section 4 of [GK04| by 

dim PFo(m) — (C™+„_2)^ — C'™+;i_2C'm+n-2- 
So we have dim PF{21) = (C\^^_^f - C\-\_^C\X\_2- We verify that 

dim PFm = {ClXLif - C\X^C^^L2 = dim C[x, y].r,(2/). 
We have obviously dim PF{21 + 1) = = dim C[x, y]s[2{2l + 1). Hence the equality of the Poincare series. ■ 
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2.4 Equation of Berest-Etingof-Ginzburg 

We study the functionnal equation introduced by Y. Berest, P. Etingof and V. Ginzburg in |BEG04) . The point 
is that solving this equation, in the space Sjf^, is equivalent to the determination of the quotient ^gw_ gwy , that 
is to say the computation of the Poisson homology space in degree of . 



Lemma 9 (Berest - Etingof - Ginzburg) 

We consider C^", endowed with its standard symplectic form, denoted by {■, ■). Let j £ N. 

Let S ~ C[x, y] = C[z], and let Cj := (^ ^gw^ s""}ns»"0) ) linear dual of ^g^,^ s^y^ns^U) ' 

Then £,j is isomorphic to the vector space of polynomials P G C[w]^(j) satisfying the following equation : 

V w, w' e C^", (w, g-w') P(w + gw') — (1) 

gew 

Proof : 

• For w = (u, v) e C^" and z = (x, y) G C^", we set Lw(z) := Y.g^w e^"' 
So we have {Lw(z), Lw'(z)} = Vx-'^w(z) • VyLw'(z) — Vyiw(z) • Vx-'^w'(z) 

We deduce the formula 

{Lw(z), Lw'(z)}= ^ (w, pw')Lw+9w'(z). (2) 

gew 

• Moreover, Lw(z) is a power series in w, the coefficients of which generate : 



V 

I ytUi — XiVi I 



(3) 



The coefficients of the series are the images by Rn of the elements of the canonical basis of S. 

Remark : in the case of B„, there is no invariant of odd degree, so we have I/w(z) = X^ggw ch({w, gz)). 

> Set Mp{z) = {z' / |i| = p} and Mp(w) = {w' / |i| = p}. 
For a monomial m = x*y^ € Mp{z), let m = u^v*. 
Similarly, for a monomial m = u'v-* £ Mp(w), let m — x-'y'. 

So, for m G Mp(z), we have in — and for m G A/p(w), we have m = m. 

The series Z/w(z) may then be written as 

CXD OO OO 

L^iz) = \W\+J2 E «m,.Rn(m7)m, = iW| + ^ ^ a^j ii^m.Om, = jW^I + ^ Li(z), (4) 

j = lmjeAfj{w) j = lmjeAfj(z) j = l 

with G Q*. 

> Now (Er=i2/>"« -^^"0'' = E|a| + |b|=p(-l)"''C^p'''''V"u'^v^ where C^''' = ^, is the multinomial 
coefficient, therefore according to formula (O, we have 

L^iz) = \W\ + f: Y: (-l)""^C7-''i?„(xV)uV^ (5) 

P=l |a| + |bl=p 

By collecting the formulae Q and (O, we obtain 



= (-l)l''I^Cp-'''. (6) 

• We identify Cj with the vector space of linear forms on (j) which vanish on {S^ , S^} n S^{j). 
Define the map 

TT : {P e C[wf^'\j) / V w, w' G C^", Yl 3^') + -9^') = 0} 

9SVK (7) 

/ ^ 7r/:=/(Li). 

Then vr is well defined : indeed is a polynomial in z of degree j with coefficients in C[w], and explicitly, we 
have 

.fiLl)= E «5K5/(iin(m,))rS^- G C[w]. (8) 

rrij G A/j- (z) 
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t> If two monomials mj, m'j € Mj{z) belong to a same orbit under the action of ©„, then the coefficients 

ot^. f{Rn{rnj)) and a—rf{Rn{m'j)) of rrij and m'j are the same, thus f{Ll^) is invariant under W. 

j 

> Besides, tt/ is solution of E„{P) = : indeed, we may extend / as a linear map defined on — gj^y = 

©oo S^(i) , , , • -f _ n S^ji) f ■ -I- ■ 

i=o {s"', s"'}n5"'(i) ' y setting / — u on s^gw ^ s"'}ns"'(i) * ' 

Then, according to JS]), we have the equality 

= /({iw, ^w'}) = E9ew'(w, flw')/(Lw+9w'), 

hence $I^ggjy{w, g'w')f {L^^j^g^i^ = 0. So, the polynomial f{Li^) G C[w] satisfies equation 
• Define the map 

^ : {P e C[w]^(j) / V w, w' G C'", 3^') ^(w + 5w') = 0} ^ C, 

"'^^ /3 (9) 

rrij ^iMj (w) 

[> For f £ Cj, we have 

thus <(9^^ = /. 

> For P = /3m_,mj G C[w]^(j), we have P = /3js-m^, so if mj G Afj(z), then (^p(Pn(mj)) = 
Consequently, 

So TT is bijective and its inverse is (/p. 

> All we have to do is to show that (pp vanishes on {S^ , S^} fl (j). 

Let P G C[w]^(j) be a solution of equation ([ij. Then as, yr^p — P, we have for + Z = j, 

= E,sw'(w, 5w')P(w + 5w') = ^p({L^, it,,}) 

But 
SO that 

Em,6Mj,(w) Em,6a/,(w') am,,aMi"^feM! <^P ({P„(ml), R„{Jm)}) = 0. 
This last equality is equivalent to 

y k + l=j, ifip ({P„(ml), Rr^im)}) = 0, 
which shows that ^fp vanishes on {S^ , S^} fl {j)M 



The following corollary enables us to make the equation of Berest-Etingof-Ginzburg more explicit. 
Corollary 10 

We introduce 2n indeterminates , denoted by zi, . . . , Zn, ti, . . . , t„, and we extend the Reynolds operator in a map 
from C[x, y, z, t] to itself which is C[z, t] — linear. Then the vector space £,j is isomorphic to the vector space of 
polynomials P G {j) satisfying the following equation : 

TL 

R-aii^^ZiDi - tiXi^ P{zi +Xl, . .. , Zn +Xn, + J/1, • • • , t„ + y„)^ = (10) 

(11) 



E, 



„(P) := P„ ((z • y - t • x) P(x + z, y + t)) 
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Proof : 

We have (w, w') = w • (Jw') — Y^^^iiwiw'^^i — Wn+iw'i). Then equation lflO|l is equivalent to 

V W, W' e C, EjGW Er=l(^» EJ^l 9ijw'n+j - + i EjLl ffij^j) 

Wn+1 + E"=l gij'^'n+j, ■W2n + YTj^l 5nj^n+j) = 

This means that the polynomial 



n n 



(13) 

ggW i=l j = l j = l J = l j = l J = l j = l 

is zero. 

This is equivalent to 

n 

^(zi g ■ yi - ti g ■ Xi) ^ ■ (^-P(2i + . . . , z„ + x„, ti + yi, . . . , tn + i/n)^ = 0, (14) 

that is to say 

n 

Rn[{'^Ziyi - tiXi) P{zi +xi, . . . , z„ +x„, ti +yi, . . . , t„ + j/„)^ = 0, (15) 

1=1 

where R„ is the Reynolds operator extended in a C[z, t]— linear map.B 
Remark 11 

• Case of Bn : for a monomial M £ C[x, y], 

> either there exists a sign change which sends M to its opposite, and then R„{M) = 
t> or M is invariant under every sign change and then Rn(M) = EcrgSn ' ^ ■ 

If Q = Rn{P) with P £ C[x, y], then we may always assume that each monomial of P, in particular P itself, is 
invariant under the sign changes. 

• Case of Dn : we have the same result, by considering this time the sign changes of an even number of variables. 

The aim of Proposition [12] and its corollary is to reduce drastically the space in which we search the solutions 
of equation ifTTjl : indeed, instead of searching the solutions in , we may limit ourselves to the space of the 
elements which are annihilated by the action of s b • 



Proposition 12 

Let P € C[x, y]*^ . We consider the element En{P) defined by the formula (11]) as a polynomial in the indetermi- 
nates z, t and with coefficients in C[x, y]. 

Then the coefficient of ziti in En{P) is ^ {H, P}, that of ti is ^{E, P} and that of zf is -^{F, P}. 
Proof : 



We carry out the proof for B„. The method is the same for Z)„. 

• We denote by Czj^niP) the coefficient of ziti in En{P). Since the maps P Czjt^(P) and P i— > {H, P} are 
linear, all we have to do is to prove the property for P of the form P = R„(M), where M = x'y" is a monomial 
which we may assume invariant under the sign changes thanks to remark [TTI 
Then the formula l|lip may be written 

\W\E4M) = |M/|i?„((z-y-t-x)(x + z)'(y + t)J) 

n 

{Ziy<y-Hl) H ^^ny<^-l(„)) n^^'' +2;<T-l(fc))'Mifc +y<7-l(fc))^'° 



EE- 

ce(±i)"<Te©„ 

-EE- 



(tix^-in) H h t„x„ 



Hn)) Y\_(^'' +^<T-l(fc))'Mi'= + y<y--l-(k)) 

fe=l 



7 



• So the coefficient of ziti is given by 



\fc=2 / / 

= i(±i)"i E o-i-^i)fn<-i 

<Tg6„ \fc = l 



l(fc)y<T-l(fc) 



= |VK|(ii-ii)i?4M). 
Since P = ^ E^es„ HLi ^['^"'Vk'''''^ > we deduce that 



= E 0-(l) - ^-(1)) ^" (*^) = - E 0* - ^0 -Rn (Af) 

CTee„ fe=i 
= (n ^ 1)! (deg^(M) - degJM)) i?„ (M) = -{n - 1)1 {H, P}. 

We proceed as for ziti, by denoting by 0^2 (P) the coefficient oft? in E„{P). Then we have 

\w\c,.{M) ^ - y: e -[--Ml) fn^'^-.Jiieni) (ne.wl] 

ce(±i)"CTe6„ \fe=i / \fc=2 / 

= -I(±i)"|ji E <-^la)^^^"4l) (n^-iw^^a'-iw ) 

o-66„ \fe=2 / 



Thus 



n / / n 

= -E E Mi)^4-^<^'"^^^'"Mn^ 

P=i CTee„ \ \fc=2 



<t(1)=p 



But 



= -(n - 1)! E jpP„ (^s'l^ . . .Xp""' . . .x-yl^ . . .yp ...y„ 
n! {£, P} = E -1''" • • • 2^'i'''' ■ • ■ 2^'-^'"' > 



= EE 



3cr{p)^\ ■ • • ■ ■ ■ Hi • • • Vp • • ■ Vn 



o-ee^i p^i 

n n 

EE E 



Ja-(p)^l • ■ ■ • ■ ■ Vl ■ • ■ Vp • ■ • y-n 



p—1 q— 1 aG&n 
(T(p) = q 
n n 

E^^E E -r'^'...-:r""+\..x:r<"'yf'^'...y^-'-\..y^"' 

g— 1 p— 1 o-^S^ 



J^j-^R-i^i -"^^ 



. . . Xq ... y^i^ • • - Vq 

9 = 1 



So Ct2(P) = —{E, P}. Similarly we show that c^2(P) = ^{F, P}. 



Corollary 13 

• Let P G C[x, y]^. If P satisfies equation {HP, then P is annihilated by sb, i.e. P € S^^. 

• Therefore the vector space Cj is isomorphic to the vector space of the polynomials P £ satisfying 
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equation ill]) . 

Thus the determination of ^gw^ gw-^ ( = jgW — s"^}ns^^^ J ^QPi'^O'^^'nt to the resolution, in Sjf^, of equation 
Proof : 

Let P G C[x, y]^ satisfying equation ifTTjl . Then all the coefficients of the polynomial En{P) G (C[x, y])[z, t] are 
zero. In particular, according to Proposition [12] we have {H, P} = {E, P} = {F, P} — 0. Hence P G Sj^. 
The second point results from Corollary 1101 and from the first point. ■ 

We end this section by defining two variants of the equation of Berest-Etingof-Ginzburg : these are technical tools 
which enable us to eliminate some variables and thus to solve equation llllll more easily. 

Definition 14 

We define the (intermediate) map 

s2„t ■■ C[x, y, z, t] C[x, y, z, t] 

P ^ P(0 y z ti, 0), 



K„t(P) := Ct(Sn(P)). (16) 



Sn ■■ C[x, y, z, t] C[x, y, z, t] 

P ^ P{0 yi, z ii, 0), 



and we set 

Similarly, we define the map 
and we set 

E'„{P) := Sn(Sn(P)). (17) 
This last equation is equation 1(11]} after the substitution 

a;i = ■ ■ ■ = 2;„ = 2/2 = ■ ■ ■ = yn = i2 = ■ ■ ■ = = 0. 



Remark 15 

If P satisfies equation 1(11]) . it satisfies obviously equation {23^- 

In the case where n is an odd integer, the vectors of highest weight of even degree are the same for _B„ and D„ , 
and equations l|17p are identical for both types. Moreover, the link between equations l|lip for Bn and D„ en- 
ables us to prove the inequality dim HPo{Dn) < dim HPo{Bn). It is the purpose of the two following propositions. 

Proposition 16 

By abuse of notation, we denote by S^"{2p) (resp. S^"{2p)) the set of invariant elements of degree 2p in type B„ 
(resp. D„). Then we have S'^^"+^{2p) = S^^"+^{2p), Sf^^"+'(p) = S^^l"^'{p), and equations [17^1 in 5,^'"+' = 
S^^""*"^ associated to both types are the same. 

This result is false for the even indices : counter-example : dim Sf{^{&) = 1 whereas Sf(^{&) — {0}. 
Proof : 



We set 



so that 



<Tee2„+i 3e(±i)2"+i £,£{±1)2" 



RL+i{P) = tt^ r*2n+i o*f„+i, and R?„+i(P) = 



|-fc>2n + l| \-L>2n+l\ 

We obviously have *f„+i(5'(2p)) C *?„+i(5'(2p)). 

Conversely, since 'I'2ri+i ('S'(2p)) is spanned by the elements of the form *I'25i+i(m) with m G S{2p) monomial, 
all we have to do is to show that *I'£i-|-i(m) belongs to '^2n+i{S{2p)), i.e. *I'£i+i(m) is invariant under the sign 
changes. Now m = . . . x'2n+iv{^ ■ ■ ■ vi^n+i with Yl'k=i^i^'= + i^) ~ 2Pi therefore at least one of the ik + jk is 
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even. Let's denote by I the corresponding index. 

So, for every k ^ I, we have Sfc(m) — ( — l)''="'"^'=m — Sk,i{m) and Si(m) — m. But 



*?n+i(m) = J2 (-1) 



9l[(»l+Jl) + (i2+i2)]+92[(i2+i2) + (»3+i3)H l-927i [(»2ji +i2n ) + (1271+ l+i2ji + l )] 



, 91=0,1. ..i32„+i=0,l 



therefore s, +i(m)) = | "-«^.'(™) = = s,, (*?„+i(m)) si fc / / 1 ^^.^.(m). 

. So we have S^"(2p) = $2„+i (*?„+i(5'(2p))) = <&2n+i (*f„+i(S'(2p))) = S'^"(2p). 

Hence S,^" (2p) = S,^" (2p). Besides, according to Proposition [5] S^r {2p + 1) = S,^" (2p + 1) = {0}. 



For P £ S^^'^, equation l|17p may be written 

yi P{zi, Z2n+i, ti,0,..., 0, ^yi^, 0, . . . , 0) - yi P{zi, Z2„+i, ti, 0, . . . , 0, -yi^, 0, . . . , 0) 

i i 

It is equation ^ for P € ^^^^ •■ 



2n+l 

E- E 

i=l a-e6„ 

<T(l) = i 



= 0. 



Proposition 17 

iet P be invariant by sign changes. If P is solution of equation Slip for Dn, then P is solution of equation ill]) 
for B„ . 

In particular, we have dim H Po(D2n+i) < dim H Po{B2n+i) ■ 
Proof : 



Let SBn (resp. SD„) be the group of sign changes of B„ (resp. Dn). We may write SB„ = SDn U SD„ ■ si. 
Let P be invariant by sign changes. So we have P — R^iP) ~ R^{P), and equation l|lip for B„ (resp. D„) may 
be written E!^{P) = R^{Q) (resp. E^{P) = R°{Q)), with Q = (z • y - t ■ x) P(x + zy + t). 
If P is solution of equation l|lip for Dn , then we have : 

R^(Q) = E E('^'^)-Q= E '^■(E'^-q) 
= E 5-f E E (5^i)-f E --o) 

= E s-(j:^-q]+s,-\j: .-(e 

= i?^(Q) + si-i?^(Q)=0. 
So, P is solution of equation iflTIl for B„. 

We deduce the claimed inequality, knowing that, according to Proposition [161 S'^j"^^ — S^tl"*^ ■ * 



2.5 Construction of graphs attached to the invariant polynomials 

Let us recall the equality of Proposition [8] : — R„ (C{Xi,j)). Moreover, according to Corollary [13] the com- 
putation of IIPo{S^) can be reduces to solving Equation l|lip in the space S^^. 

In order to have shorter and more visual notations, we represent the polynomials of this space by graphs, by the 
method explained in definition 1211 

But before, let us quote, for the particular case that we are interested in, the fundamental result established by 
J. Alev, M. A. Farinati, T. Lambre and A. L. Solotar in [AFLSOOj : 



Theorem 18 (Alev-Farinati-Lambre-Solotar) 

For k — . . . 2n, the dimension of IIHk{An{C)^) is the number of conjugacy classes ofW admitting the eigenvalue 
1 with the multiplicity k. 

By specializing to the cases of B„ and Dn, we obtain : 
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Corollary 19 (Alev-Farinati-Lambre-Solotar) 

• For type B„, the dimension of HHo{An{C)^) is the number of partitions 7r(n) of the integer n. 

• For type Dn, the dimension of H Ho{A„{C)^ ) is the number of partitions 7f(n) of the integer n having an even 
number of parts. 

The conjecture of J. Alev may be set forth as follows : 
Conjecture 20 (Alev) 

• For the type Bn, the dimension of HPo{S^) equals the number of partitions -K{n) of the integer n. 

• For the type Dn, the dimension of HPq{S^) equals the number of partitions Tv{n) of the integer n having an 
even number of parts. 

Now, let us show how to construct 7r(n) solutions of equation l|lip for the case of B„. 
Definition 21 

For i ^ j, we note Xij = Xiyj — yiXj. 

To each element of the form M :— 11"=^/ Hj^i+i j"'^ ; '"'^ associate the (non- oriented) graph Tm such that 

> the set of vertices ofFu is the set of indices {fc G [1, n] / 3 i G [1, n] / ai.k 7^ or ak,i 7^ 0}, 

' 

> two vertices i, j ofTM are connected by the edge i '■ — j if ai,j 7^ 0. 

• If cr e ©„, then the graph Fo- m is obtained by permuting the vertices of Tm- 

So, by replacing each vertex by the symbol •, we obtain a graph Tm such that the map M ^ Tm is constant on 
every orbit under the action of Bn (resp. Dn). So we may associate this graph to the element Rn {\Yi^i Ilj^i+i -^'i'^i 
To a linear combination J^^^j OkMk, we associate the graph Ylk=i '^^ Tm^- 

• We may extend this definition to elements of the form M :— YYi=i Ylj^i+i -^ij' bj denoting an edge by 
• • if bij is even and by • • if bij is odd. Be careful ! We have for example • • = 0. 

Example 22 

The polynomial R4{Xi 2^1,3^1,4,) is represented by the graph • ^=^= • • . 



• If a graph contains only even edges (i.e. of the form • '■ — • ), then it is represented in B„ and in D„ by the 

same element. 

This result is not valid in the case of graphs which contain odd edges : for example, the element • • • 



is zero in B4, but different from zero in D4. 
Remark 23 

The graphs corresponding to polynomials obtained by operating the Reynolds operator for different indices on the 
same elements of the algebra generated by the Xij 's are the same. 

For example, the elements i?3(Xi,2) md R44{X'l^2) o,re represented in this way by the same graph • • . 

Provositions \25\ and \26\ show that this has no effect on the study of equation 111]) for Bn. 

Proposition 24 

For every n G N*, the number of linear graphs without loops and without isolated vertices is equal to the number 
of partitions of n. (A multiple edge is viewed as a loop). 

Proof : immediate. To each partition p of the form n = Ipi + 2p2 + 3p3 + • ■ ■ + npn, we associate the graph 
having Pj linear connected components with j vertices. 
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Proposition 25 

• iei P G C[xi,..., yi,..., y„]. J/i?„(P)/0 then Rn+i{P) 0. 

• Let Pi, . . . , Pm e C[a::i, . . . , a;„, j/i, . . . , j/n]. IfRn(Pi), ■ ■ • , Rn{Pm) are linearly independent, then Rn+i{Pi), ■ ■ ■ , R„+i{Pm) 
are linearly ina 

Proof : 



• We carry out the proof for B„ . We proceed likewise for D„ . 

Let P £ C[xi, . . . , Xn, yi, . . . , y„] such that R„(P) 7^ 0. According to remark [TTl we may assume that the terms 
of P are invariant under sign changes. 

We consider the set %i of the terms of i?„(P) that we partition into orbits under the action of &„ : so we have 
the equality Tn — Uj=i C'i- Consequently, Rn{P) may be written 

r 

i=i 

where Mj G Oj . 

Let c„+i ~ (1, . . . , n + 1) G ©n+i, and s„+i the (n + 1)— th sign change, so that P„+i = {s„+i, c„+i) • 
Again by the invariance under sign changes, we deduce 



j = l \fc=0 / 



Now if i 7^ j, then and tj belong to two distinct orbits under the action of ©n+i. Therefore the tj's are linearly 
independent. So R„+i{P) / 0. 

• Let be Pi, . . . , Pm G C[a;i, . . . , x„, yi, . . . , yn] such that Pn(Pi), ■ . ■ , Rn{Pm) are linearly independent. Let's 
consider a zero linear combination JI^JLi AjP„+i(Pj) = 0, i.e. P„+i -^i^i) = 0- Then, according to the 

first point, we have X^JLi ^jRn{Pj) ~ Rn ^X^JLi ^jPj^ ~ 0, so by hypothesis, V j G [1, m], Aj — OM 

The following proposition shows the fact that, for a graph, being solution of equation l|lip for B„ is independent 
of n, provided that n is not smaller than the number of vertices of the graph ! This proposition justifies the 
n-independent notation of graphs. 

Proposition 26 

Let P € C[xi, ... , Xn, yi,..., yn]- 

• Case of Bn : if R„{P) satisfies the equation En {R„(P)) = 0, then P„+i(P) G C[a;i, . . . , Xn+i, yi, ■ ■ ■ , 2/n+i] 
satisfies the equation En+i (Pn+i(P)) = 0. 

• Case of Dn : if Rn{P) satisfies the equation En {Rn{P)) = 0, then Rn+2{P) G C[xi, . . . , Xn+2, 2/1, ... , yn+2\ 
satisfies the equation En+2 (Pn+2(P)) = 0. 

Proof : 



We carry out the proof for B„ ; we proceed likewise for _D„. 
According to remark [TTl we may assume that P is invariant by sign changes. 
For every n > 2, we note Qn Rn{P). Then 

En + l{Qn + l) = Rn + 1 ^ ^E ^''V' ~ ^kXk^ Q„+l{xi + Zl,. . . , Xn + 1 + Zn + 1 , yi + tl , . . . , l/n + 1 + tn + l) 

Let Cn+i (1, ■ . . , ri + 1) e ©n+i, and s„+i the (n + 1)— th sign change, so that Bn+i = (s„+i, c„+i) • Bn 
Then we may write 

Qn+l = Rn+l{P) = , ^ E (^n+l<i + l) ■ Q"- 

^ ' i = 0,l 

j = l...n + l 

Now the polynomial (Sn+iC^+i) ■ Qn contains only the indices 1, . . . , j ~ 1, j + 1, . . . , n + 1, 
therefore (zj^j - ija;j)(s'j+iC^+i) • Qn is in the kernel of R n + 1 • oO, 



£;„+i(Q„+i) - + 1) E -^"+1 



i = 0.1 
j = l...n + l 



/ n+1 

E ^fcJ/fe ~ ^fe^fe I (('^n + ici + l) ■ Qn) (X + Z, y + t) 



LV 



fe=i 
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I.e. 



En + l{Qn + l) — 



2(n + 1) 

^ ' i=0,l 

j = l...n+l 
n+1 



•n + 1 



(s„ + l'Cn + l^) • E ^''V'' ~ Qn(x + Z, y + t) 



^E-^"+i Cn+i^ ■ ^^^zfeyfc -tfca;fcj Q„(x + z, y + t)^ 



where the s„+i and c^J+i act on the x, y, z, t as the s„+i and Cn+i act on the x, y. (In the 2— nd equality, we 
have used the invariance by sign changes of P). 

By indexing the variables by [1, n] instead of [1, n + we see that each of the terms of this sum is by 

hypothesis in the kernel of Rn, thus in the kernel of i?n+i. So, £'n+i((5n+i) = O.B 

Corollary 27 

The sequence (dim HPo(Bri))n>2 is increasing. 

The sequences (dim H Po(D2n))n>i and (dim -ffPo(-D2n+i))n>i are increasing. 

Proposition [28] is fundamental for the construction of the solutions of the equation of Berest-Etingof-Ginzburg 
for Bri. 



Proposition 28 

If Ri{P) and Rj{Q) satisfy equation and if their sets of indeterminates are disjoints, then Ri+j(PQ) satisfies 

equation 1^11]) . 

In terms of graphs, it means that if two disjoints graphs satisfy equation Slip , then their union also satisfies this 
equation. 

So it is sufficient that the connected components of a graph satisfy equation J|) in order that the graph itself 
satisfies it. 

Proof : 



• Let Ri{P) and Rj{Q) of which the sets of indeterminates are disjoints. 

We denote by Ep :— {xk, k G Ip} U {yu, k £ Ip} (resp. Eq := {xk, k G Iq} U {yk, k £ Iq}) the set of inde- 
terminates of P (resp. Q), and we set n := i + j so that we have \Ep\ = 2i, \Eq\ — 2j, Ip U Iq = [1, nj and 
C[Ep, Eq] = C[x, y]. The group Bi (resp. Bj) acts only on the indeterminates of Ep (resp. Eq). 
Let us calculate Rn{PQ) : 



i3n|Pn(PQ) = TbTOE E ^9hcT) ■ {PQ) 



g&Bi heBj a-es„ 



m\B 



^ E 



m\B 



^ E 



J2 E ih-{g-P)){h-{g Q)) 



g&Bi hGBj 



h-Q 



= ^ a.[i?,:(P)i?,(Q)] 
= \bJ\R^{R,{P)R,{Q)). 
Hence i?n(PQ) = Rn (P,(P)P, (Q)). 

• If Ri{P) and Rj{Q) satisfy moreover equation ifTTjl . we have 
(z ■ y - t ■ x) [Pn(PO)] (x + z, y + t) 
= tJj E (z-y-t-x)[a.(ft(P)P,(Q))](x + z, y + t) 



— E 

IB.. I ^ 



a&Bn 



ZkVk-tkxA [cr-Pi(P)](x + z, y + t) Ja-Pj(Q)](x + z, y + 1)^ 
^fee<T-i(/p) / ' ' 



+ Y Zkyk-tkXk I [cr-Pj(Q)](x + z, y + t) Jfj ■ P,(P)](x + z, y + t) 

\kea-HiQ) J ' ' 
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where the elements Ap^a and Bp.o- (resp. ^q,ct and Bq^a) contain only the indices of a ^{Ip) (resp. a ^(/q)). 
• Let us show that Ap^aAg^a is in the kernel of Rn ■ 

\Bn\Rn{Ap,^AQ,^) = 5Z ff ■ (^P,<T^Q,a) 

' fl6S„ \heBi J 



sss. 

/ 

= E^- 

9es„ 



i?»(Ap,„)^Q,<T I =0. 



The last equality is due to the fact that Ri{P) satisfies equation ifTTjl . 

Similarly, Bp^crBq^a is in the kernel of Rn- Hence (z ■ y — t ■ x) [Rn{PQ)] (x + z, y + t) = 0.1 

So Proposition [28] gives a way to construct solutions of equation ifTTjl for Bn from already known solutions of 
this equation for Bm with m < n, by taking the disjoint unions of the solution graphs. In fact, according to 
Proposition [26] if a graph is a solution for Bm, then it is also a solution for Bn with n > m. 
Thus we may formulate the following conjecture : 



Conjecture 29 

For every integer n > 2, there exists a unique polynomial of degree 4(n — 1) in Sjf^ (i.e. a linear combination of 
graphs with n — 1 edges) which is solution of equation f J This polynomial is represented by a graph which is 
made up with the linear graph without loops and without isolated vertices, with n — 1 edges and n vertices, and 
with other graphs which may be seen as corrective terms, and which all have n — 1 edges and n (non-isolated) 
vertices. 

This graph is called the n—th simple graph. 



By some Maple calculations, we determine the list of the first simple graphs : 





n— th simple graph 


B2 


• — • 


Bs 


• — • — • 


Bi 


• = • • — • — 2 • — • — • — 10 • — • — • — • 

1 

• 


Bs 


• 

1 

1 \ 1 1 
• • • 


Be 


• = • • — • • — • +420 • — • — • — • — • — • — 70 • — • — • = • • — • 

-54 • — • = • • — • — • +378 • — • — • — • — • +504 • — • — • — • — • ^ iso 

! ! " 1 ! 

• • • 

• I i\ II \l 

• • 

\ 1 II 
• • 



The number of graphs that we may construct from the simple graphs by using Proposition 1281 equals the number 
of linear graphs without loops and without isolated vertices of Proposition 1241 since the graphs constructed like 
this are obtained by substituting, to certain linear graphs without loops and without isolated vertices, a linear 
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combination of graphs containing this graph and other graphs (possibly non-linear or with loops), but having the 
same number of vertices and the same number of edges. 



Conjecture 30 

For every integer n > 2, the n{n) graphs constructed according to the process defined above are the only solutions 
of equation dl]) - 



As for Dn, we may write, with the help of Maple and of Proposition 1171 the solutions of degree lower than 4(n — 1) 
of equation iflTIl for n £ {2, 3, 4}. We conjecture that this equation has no solution of degree strictly higher than 
4(n - 1). 





Solutions of equation till 


D-2 


1 


Da 


1 


Di 


l| • — • 1 • — • • — • — 2» — • — • 



3 Study of B2 - C2, D2 = Ai X Ai, Bs - C3, and = A^ 

Let us now use the results of the general case previously established by applying them to the cases of B2, D2, B3 
and D3. It will enable us to calculate explicitly the dimension of their 0— th space of Poisson homology, and so to 
treat entirely the rank 3, and at the same time to verify the conjecture of J. Alev for this rank. 



3.1 Study of B2 and D2 

The computation of the dimension of the 0— th space of Poisson homology in the case of B2 was made by J. Alev 
and L. Foissy in |AF06) . Here, we rediscover this result by another method. We will then deduce the dimension 
of the 0— th space of Poisson homology in the case of D2. 



Proposition 31 

For B2, the space of solutions of equation (11]) is the plane generated by the polynomials 1 and {xiy2 — yiX2)^ 
So, the dimension of the 0—th space of Poisson homology of B2 is 
The elements 1 and {xiy2 — yiX2)^ do not belong to {S^^ , 5*^}. 

Proof : 



dim{HPo{B2)) = 2 



• Let X = xiy2 — yiX2. We have C[X] C 8^12- Now, according to Proposition [71 we have dim (S'(2Z)st2) = 1 
therefore the Poincare series of Ssij is j^^- This series is exactly the Poincare series of C[X], so Ssij — C[X]. 
Consequently, S^^ = C[X]^ = i?2(C[X]) = C[X% 

• According to Proposition SI the elements 1 and do not belong to {S^ , S^}. We show by a direct calculation 
(for example with Maple; see section 4) that the element X^ satisfies equation ifTTjl. 

• In order to have the asserted result, it is sufficient, according to Corollarv llSI to show that for every j G N\{0, 1}, 
the element X^^ does not satisfy equation ifTTjl . i.e. E2{X^^) / 0. To do this, it is sufficient, according to remark 
[T5I to show that E'2{X'^^) ^ 0. Prom the expression 

-E'L(X^') = -Zli?2(yi((a;i + 21)2/2 - [yi + ti){x2 + Z2)f') + Z2R2{y2{{xi + Zl)y2 - {yi+ti){x2+ Z2)f'), 

we deduce 



2j 



E'2{X^^)^^zi yi{-{yi+ti)z2f^ + ^Z2 yi{ziyi - tiZ2) 

sign changes sign changes 



E'2{X^') = i [z^y^zl\y^ + t^f^ - z^yizl^-y^ + tif' + Z2yi{z^yi - tiza)'^' - Z2yi{-z^y^ - t^Zif^] . 

So the term of the type az\t\y\^ z^^ is \z\y\Z2HC\jy\^^^t\) — \z\y\Z2^ {—C^jyl^^^t-i), and we find a = j / 0. 
This shows that X^^ does not satisfy equation ifTTjl . B 
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Proposition 32 

For D2 = Ai X Ai, the space of the solutions of equation ^11]) is the one- dimensional space generated by 1. So the 



dimension of the 0~th space of Poisson homology of D2 is 1, i.e. dim{HPo(D2)) = 1 



The element 1 is the only element which does not belong to {S^ , S^}. 
Proof : 

The method is the same as the one for B2 : letting X = xiy2 — yiX2, we have SjJ^ = C[X^]. According to 
Proposition m the element 1 does not belong to {S^ , S^}. We show by a calculation (for example with Maple; 
see section 4) that the element X'^ does not satisfy equation l|lip . 

So it is sufficient, according to Corollarv ll3l to show that for every j € N\{0, 1}, E'2{X^^) ^ 0. Now this expression 
is the same as the one obtained for B2 ; therefore it is not zero.B 

3.2 Study of i?3 - Vectors of highest weight 

In order to study -B3, we begin making by making the vectors of highest weight explicit. 



Proposition 33 

We set X = xiy2 - yiX2, Y = X2yi - y2X3 and Z = x^yi — ysxi . 
Then S^{^ is the image ofC[X, Y, Z] by R3. 

Proof : according to Proposition E] C[X, Y, Z] = S,,^, thus C[X, Y, Zf '^ = Sf^l. 



Remark 34 

The only monomials X^Y-' Z'' (i, j, k) £ N'^ of which the image by Rg is not zero are 

> the monomials of the form X'Y-' Z'^ with i, j, k even, 

> the monomials of the form X'Y^ Z'^ with i, j, k odd and all distinct. For these monomials, it is even sufficient 
to take i < j < k. 

So the vector of highest weigh of smallest degree not multiple of A has degree 2(1 + 3 + 5) = 18. 



Proposition 35 

The elements 1 and R-i{X'^) do not belong to {S^ , S^}. 
The elements 1, Rz{X^) and R3{X'^Y'^) satisfy equation ill]) . 
So, A\m{HPo{B3)) > 3. 

Proof : 

We know according to Proposition |4] that the elements 1 and R3{X^) do not belong to {S^ , S^}. 

To show that the elements R^IX^) and R3{X'^Y^) satisfy equation ifTTjl . we make a calculation with Maple : see 

section 4.B 

In order to prove the equality dim{H Po{B:j)) — 3, we will show that the elements of which do not belong to 
the space (1, R[i{X^), _R3(X^Y'^)) do not satisfy equation ifTTjl . It is sufficient, according to remark [T5| to show 
that these elements do not satisfy equation l|17p . It is the aim of the following section. 



3.3 Study of B3 - Equation of Berest-Etingof-Ginzburg 

To each polynomial of the form P :— R3{X'Y^ Z'^) specified in remark [SH we associate a monomial Mp which 
appears with a non-zero coefficient in equation l|17p . and such that if Pi and P2 are two distinct polynomials, 
then the monomial Mp^ does not appear in E'n{P2) and the monomial Mp^ does not appear in E'„{Pi), where 
E'„{P) denotes equation l|17p . 

To the polynomial i?3(X^^ ) (with j >2), we associate the monomial Mj = z\t\y1^ z^^ . 

To the polynomial Rz{X'^^Y'^'') (with I <l < j and j > 2), we associate Mj^i = z\t\yl^^'^'' zf . 

To the polynomial Rs{X'^'Y'^^ Z'^^) (with 1 < / < fc < j), we associate M,,fcj = zitiyl'+^^ zl'+'^'' zltf zf-^ . 

To the polynomial i?3(^^'+'y^'+'^^''+^) (with < i < j < fc), we associate Mk,j,r = z^tiyl''+'^''+^ zl'+'^''+'^ zlt\'+'- zl^'^ . 
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3.3.1 First step 

For every polynomial P, we calculate the coefficient of the monomial Mp which appears in equation E'-i{P). 

Case 1. P = RiiX'^') = ^{X^' + Y^' + Z^^) (with j > 2) : 
We have 



\W\El,{P) 
Thus 



■Ri ^{ziyi + Z2y2 + zsyz) [{{ziy2 - {yi + ti)z2Y^ + (221/3 - 1/223)^^ + (23(1/1 + ii) - 1/321)^^] j , 



\w\Ei,{p) = (...) + y3 (...) + 1 E '^y^ [((yi + + (^^(2^1 + 



sign changes 

2 



+ E ^2yi[(2l?/l -tl22)^^ + (yiZ3)^^ + (^123)^^] + - E Z3?/l [(^122)^^ + (22yi)^^ + (23*1 - yi2l) 



sign changes 

Therefore, 



sign changes 



2il 



\W\E':,{P) = f [2iyi[((yi + ti)22)^^ + (23(yi+ti)f^] -2iyi[((-yi+ti)22)'^ + (23(-yi+ti))^^]] 

+ |[22yi[(2lJ/l -tl22)'^ + (j/123)'^' + (^123)'^! -22yi[(-2iyi -tl22)'^' + (^1 23 ) + (tl 23 ) ] ] 
+ 1 23yi K^lZ2)'" + (22yi)'^' + (23tl - yiZ^f'] - 23yi \{UZ2f' + (22yi)"^ + (23tl + yi2l)^^]] , 



(18) 

where the underlined terms cancel out. 

The monomial Mj — z\t\y1^ appears only in the first line of the last expression, and its coefficient is 
So, 



the coefficient of Mj in E'z{P) is |j 



Case 2. P = RaiX'^'Y^') (with 1 < / < j and j > 2) 
We have 



\W\El,{P) = ^P3 [(2iyi + 22^2 + 232/3) 

[((212/2 - (j/1 +ti)22)^'' (222/3 -2/223)^' + (22^3 -2/223)^^(23(^1 +ti) -y32i)^' + (23(^1 +ti) - yazif^ {ziy2 - {yi + ti) 

((212/2 - (yi +tl)22)^'(22y3 - ^223)^^ + (222/3 - 2/223)^^(23(2/1 + il) - 2/321)^^ + (23(2/1 + il) - 2/32l)^'(2iy2 - (2/1 + il)22 



Thus \W\E's{P) = §[212/1 [(23(2/1 +tl))2^((2/l+ tl)22)''] -2iyi[(23(-2/l+tl))'^((-yi+tl)22)''] 
+222/1 [(2iyi - ti22)'^(yi23)'' + (yi23)'^'(23tl)'' + (23tl)'^' (21^1 - ti22)''] - . . . 
+232/1 [ (tl22)"^ (22yi)'' + (222/1)'^ (23^1 " 2/1 2l)"' + (23*1 - ^121)^^' (ti22)''] - . . . 

+212/1 [(23(2/1 + tl))''((2/l + tl)z2fq - Ziy^ [(23(-yi + tl))''((-yi + tl)22)'^] 
+ 22yi [(2iyi - tlZ2f'{yiZ3f' + {yiZ3f'{z3tlf^ + {zshf'jziyi - tlZ2f'] - . . . 

+23yi [(tl22)''(22yi)'^^ + (22yi)''(23tl - ^121)^^ + (23*1 - yi 2i )2' (ti 22)'^] -...], 

(19) 

where on each line, the suspension points stand for the image of the expression by the sign change yi — yi. As 
in the preceding case, the underlined terms cancel out. 

t> I{ j ^ I and 1^1, the monomial Mj^i appears only in the first line of the preceding expression and its coefficient 
in this expression is ^(i + 0- 

> If j / Z and I — 1, the monomial Mjj also appears in the 5— th line of ifTOll and its coefficient is ^{j + I — I)- 
t> If J — I, we have I / 1 (because j > 2). Then Mj^i also appears in the fourth line and its coefficient is thus ^(j+l)- 

The following table collects the coefficients of the monomial Mj,i in E'j{P). 



U, I) 


j / I and / / 1 


j ^ I and / = 1 


j = l 


Coefficient 


U + 0/9 


j/9 


4j/9 
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Case 3. P = RsiX'^^Y^'' Z'^'') (with I < I < k < j) : 
we have 



\W\Ett{P) = ■Lii?3[(2iyi + ^^2^2 +^;3j/3)[((2it/2 - {vi + ti)z2f' {z2y3 - y2Z3f' (zaivi + ti) - yazif' + 

permutations 
of (j,l,k) 

So \W\E's{P) = I J2 [^mi^m - tiZ2f'{yiZ3f{z3tif'' - Z2yi{-zm - tiZ2f'{yizzf\z3Uf'' 

permutations 
of U,l,k) 

+Z3yi{tiz2f'{z2yif'{z3ti - yizif'' - Z3yi{tiz2f'{z2yif'^{z3ti + yizif'j , 
We denote by aj^k,l the coefEcient of the monomial Mj^k,l in the preceding expression, and we distinguish 4 cases : 

[> If Z = fc = j, we have Mjjj = z\t\z1^~^y'l^ z"^^ Z2t\^ and Qjjj = — 32j. 
If / = A; < j, we have M,-,;,; = zitizf-'^yl^^'^'^ zl^+'^'- zltf, and 

\W\E'3{P) = I [z2yi{Ziyi ~ UZ2f^{yiZ3f\z3Uf' - • • • + «3j/l(tl«2)'^>2t/l)''(«3tl - - . . . 

+Z2yi{ziyi - tiZ2f\yiZ3f^z3ti)'^' + Z3yi{tiZ2f\z2yif^{zati ~ yizif - ... 

+Z2yi{ziyi - tiZ2f'^{yiZ3)'-^''{z3tif^ + Z3yi{tiZ2y^'' {z2yif\z3ti - yiZif^ -...], 

where on each line, the suspension points stand for the image of the expression by the sign change yi i— > —yi . So 
the searched coefficient is aj^i^i = — ^l. 

> It I < k = j, we have Mjj^i = zit\zf^^yl^^'^''z'^^Z2t\\ Similarly, we find ajj,i = — 32j. 
t> If i < fe < J, we have 



\W\E'a{P) = l[z2y,{z,y^-Uz2f^y^Z3)''\z3t-,f'' 

+Z3yi{t-iZ2f^ {z2yif\z3t-L -yizif' - ... 
+Z2yi{ziyi - tizif^ (yizaf" {zatif - ... 
+Z3yi{tiZ2f'{z2yif''{z3ti - yizif 
+Z2yiiziyi - tiZ2f''(yiZ3Y^(z3tiY'' - ... 
+Z3yi{tiz2f''{z2yif'{z3ti -yizif - 

+Z2yi{ziyi - tlZ2f\yiZ3f'{z3tif'' - ... 

+Z3yiitiZ2f' {Z2yif'{z3ti ~ yizif'' - ... 
+Z2yi{ziyi - tiZ2f''{yiZ3f\z3tif^ 
+Z3yi{tiZ2f''{z2yif\z3ti-yizif' - ... 

+Z2yi{ziyi - t-LZ2f\yiZ3f^{Z3tlf' - ... 

+Z3yi{tiZ2f\z2yif''{z3U~yizif^-...'\, 

where, again, the suspension points stand for the image of the expression by the sign change yi i— > 
The searched monomial appears only on the 7— th line, and its coefficient is aj,fc,i = — ^l- 

Finally we collect in the following table the coefficients of the monomial Mj^^^i in E'^{P). 



U, /) 


/ = /'■= J 


' = /<■< J 


/ < A: = J 


1 <.k: < J 


Coefficient 


-2Z/3 


-2Z/9 


-21/9 


-1/9 



Case 4. P = R3{X^*+^Y^'+^ Z^''+^) (with < i < j < fe) : we have 



\W\Ef^^(P) = 1—1^3 [(ziyi +Z2y2 +23!/3)[((2:i!/2 - (yi + tl ) ^2 ) ^'^ ' (z2!/3 - 2/223)''"'+ ' (^3 + fl )- J/3 ^1 + ' + YI 

permutations 
of (.i,J,k) 
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(20) 



-2/1- 



permutations 
of (j,j,k) 

- hZ2?'+HyiZ,f' + '(z3hr'= + ' + Z2yA-Z,y, - hZ2?'+' (y,Z3?' + ' (Z3t^f'^+' 



+Z3yi{tiZ2f'+'iz2yif'+\z3ti-yizif''+'+Z3yi(tiZ2f'+'iz2yif'+'(z3ti+yizif''+^] 

Z2yi{ziyi -hZ2)^'+'{yiZ3f' + \z3hf'= + ' + Z2yii-Ziyi -tiZ2)^'+\yiZ3)^' + Hz3tl)^''+' 
+Z3yi{UZ2f'+\z2yif' + \z3t^ - yiZ^f^' + Z3yi{UZ2f'+\z2y^f'+\z3U + 
+22j/l(ziyi -tlZ2)'*+^(yi23)'"+H^3tl)'^ + ' +22j/l(-Zll/l -tl22)''+'(yi23)'*+'Ml)'^'+' 
+Z3j/l(tl^2)''+'(^2yi)'"+^(^3tl + ' +Z3j/l(tl^2)''+'(^2yi)''=+'(^3tl 

+Z2yi{z^y^-Uz2f'+\y^z3f'+\z3Uf''+^ + z2yi{-z^y^-Uz2f^+\y^z3f'+\z3Uf''+^ 
+Z3yi{Uz2f^+\z2y^f'+\z3t^ - yiz^f^^ + Z3yi{Uz2f^+\z2y^f'+\z3U + 2/1^1)"*+^ 
+Z2yi{z^yi-Uz2f''+\y^Z3f'+\z3t^f'+^ +Z2yi{-z^y^-Uz2f*'+\y^Z3f^+\z3Uf'+^ 

+23j/l(tl«2)''=+^(«2yi)'^ + '(23tl +23yi(tl^2)''=+^(22yi)'^'+^(23tl 
+Z2yi{z^yi-UZ2f^ + \y^Z3f''+\z3UT+^+Z2yi(-Z^y^-UZ2f^ + \y^Z3f''+\z3Uf'+^ 
+Z3yi{UZ2f' + ^{z2yif''+'{Z3t^-yiZ^f'+^+Z3yi{UZ2f' + ^{Z2yif''+Hz3tl+yiZ^f'+' 

+Z2yi{z^y^-Uz2f''+'{yiZ3f'+\z3t^f^+^+Z2yi{-ziyi-trZ2f''+\yiZ3f'+\z3trf^+^ 
+Z3yi(ti^2)''=+'(^2yi)''+'(^3ti + Z3yi(ti^2)''=+^(^2yi)''+'(23ti + 

(21 



In order to find the monomials of the form aMk,j,i, we are first interested in the exponent of Z3, then in the one of 
2/1. So it remains only the lines 1 and 3, then only the line 3. The coefficient of Mk,j,i in |W|-E3(P) is —^{2i + 1). 

So, 



the coefficient of Mk,j,i in E'3{P) is -js{2i + 1) 



3.3.2 Second step 

For two distinct polynomials Pi and P2, of the same degree greater or equal to 12, we show that Mpj does not 
appear in E'{P2). 

Case 1. P = Rii^X"^^) (j > 3) : according to l|18p . no term of E'3{P) contains at the same time zi, Z2, Z3. 
Now if Z + fc = j with 1 < fc < ; and / > 2, then Mi^k = ziiiyf+^'^zl'^l'', therefore Mi^k does not appear in -E3(P). 
Similarly, if m + / + fc = j with < k < I < m, we have M„,i,fc = zitiyl"'+^'' zl"'+^'' zztf z^*"'^ , therefore M™,,;,fc 
does not appear in E'3{P). 

Case 2. P = RsiX'^^Y'^'-) (with 1 <l <j and j >2) : equation HSI may be written 



l\W\E!3{P) = ^iyi(z3(yi + ti)f'{{yi + ti)z2f' - 2iyi(^3(-2/i + ti)f'{{-yi + ^1)^2)"' 
+ziyi{z3{yi + U)f\[yx + t^)z2f' - ziyi{z3{-yi + h)f'{{^yi + ti)z2f' 

+Z2yi{ziyi - tiZ2)^^{yiZ3)^^ + Z2yi{z3tl)^^ {ziyi - tiZ2)^' 
-Z2yi{-ziyi - ii22)^-' (2/1^3)^' - Z2yi{z3tl)^^ {-Ziyi -tiZ2)^' 

+Z2yi{ziyi - tiZ2Y\yiZ3)'^^ + 2;2yi(z3ti)^'(2iyi - tiZ2f^ 
- Z2yi{- Ziyi - tiZ2f \y1Z3f ^ - Z2yi{z3tif\- Ziyi- tiZ2f^ 
+Z3yi{z2yi)^^ {z3ti - yizi)"^^ + 232/1(23*1 - 2/121)^^(^122)^' 
-232/1(222/1)^^(23*1 + 2/121)^' - 232/1(23*1 + 2/121)^^ (tl 22)^' 

+232/1(222/1)^^(23*1 - 2/121)^^ + 232/1(23*1 - 2/l2l)^'(*l22)^^ 

-232/1(222/1)^^(^3*1 +2/121)^^ -2:32/1(23*1 + yizi)^'{tiZ2)^^ ■ 

• li m = j + I, then Mm = 2i*i2/i'"2|'" does not appear in E{P). Indeed, the largest exponent of Z3 in E{P) is 
< 2j + 1 < 2m. 

• If m + p = j + with 1 < p < m, m > 2, m 7^ j and p I, then Mm,p ~ 21*1 2/1'"^^'' 2!™ 23'' does not appear in 
£(P). In fact, 

> if m > j, necessary p < I. Then the largest exponent of 23 in E{P) is < 2j + 1 < 2m. 

> if m < j, necessary p > I. Then the only terms of E{P) which have 21*1 with the exponent 1 are 

Li = 8j2i*i2/?^+^'^32^2r 

L2 = 8/21*12/?^-+^' ^r22^^- 

L3 = -4zi*i2/i^+^23^2i if; = l 

L4 = -421*12/1^+^2122^ if ; = 1. 
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Li and I/3 are not colinear to Mm,p, because they are colinear to A/jj. 

L2 is colinear to Mm,p only if m — I and j = p. But then m = I < j — p < m, hence m = j and p ~ I, which is 
absurd. The same argument may be applied to L4. 



, 2m+2(j 2m+2p ^2,2p 2q-2 
Zg Z2li Z 



does not appear in E{P). 



• 1{ m + p + q = j + 1, with 1 < q < p < m, then Mm,p,q ~ zitiy^' 
In fact, 

t> If m + p > j, the greatest exponent of Z3 in E{P) is < 2j + 1 < 2m + 2p. 

t> If m + p < j, we have necessarily q > I + 1, thus 2g — 1 > 2i > 2. Then the only terms of E{P) which have zi 
with the exponent 2q — 1 are 



Li 
L2 



= -20^2]- 
= -20^2]- 



ly2q+2l ^2q-l ^2j-2g+2 ^2;^2j-2q+l 



"1 



^3 ^1 



1^29 ^2<j-l ,2j-2<j+2 ^2i^2i-2q+2i + l 



'1 



23 



1 29 27—1 2i 2j — 2.3+2 ,2j — 29+2! 



'1 



22 ^3 



= -2C. 



2g-1^^2g+2i ^2g-l ^2i ^2j -2i3+2^2j -2i3+l 



2j 



Vl 



'-1 



Z2 Zg 



If Li is colinear to M„ 



we have < 



, hence p = 0, which is absurd. 



m + q = q + l 

2 = 2j - 2g + 2 

2m + 2p = 21 

2p+l = 2j - 2q + 1 
Similarly, L2, L3 and L4 are not colinear to Mm.p,q- 

> If m + p = j, we have necessarily q = Z (but only 2i2 — 1 > 1). Then we have two cases 

o If Z > 2, i.e. g > 2, in addition to the terms Li, . . . , L4, we obtain the terms 

L5 = ~4lz2yizlHl' zl'- 



-'yf-'uz2 

T Aj 21-1 2i-l, 2j 2j 

Le = -4/22yi2i yi ti2:2yi V 



^6 = 
is = 



2j 2j^ 



-^Iz^yiz^^'yt'z^Uyf-'zf-' 
^^Iz^yiZztiyf-'zf-Hl^zl^. 

If L5 is colinear to Mm,p,q, we have in particular 2m + 21 = 21, hence m — 0, which is absurd. 
Similarly, Le, Lt and Ls are not colinear to Mm.p,q- 

o If Z = 1, i.e. g = 1, in addition to the terms Li, . . . , Lg, we also obtain the terms 



ziyizl'z^{yi+ti)'^+^ - ziyizl'zl{-yi+uf^+^ 
ziyizlzl^iyi +tif^+'^ - ziyizlz^^ {-yi + ti) 



2j+2 

Among these terms, the ones which have ti with the exponent 2p vanish because of the signs in the expansion of 
the binomial. 



Case 3. P = Rzi^X'^'Y'^'^ Z'^'') (with 1 < / < fc < j) : 
According to formula l[20ll . the greatest exponent of 23 in E'g{P) is < 2/ + 2k. So if m = j + fc + ^, then 



zitiyl"^zl"^ does not appear in E'g{P). 



• Ifm+p = j + / + fc with 1 < p < m, m > 2, then Mm,p = zitiy^"'^^'^ zf^ zf doesn't appear in E'^^P). In fact 

> If j + fc < m, then 2:3 never appears in E'g{P) with the exponent 2m. 

> If J ' + fc > m, we write the terms of Eg{P) which have yi with the exponent 2m + 2p : 



L2 
L3 

L5 



-^jz2yizl^-\l^-hiZ2yfzf+^HT 
-Akz^yitVzli+^'yfz.tiyf-'zl"-' 

A ■ 2j-l 2j-l, 2k 2k+2l,2l 

-4j222/lZi yi tiZ2yi Z3 ^ ti 
,2j 2j+2fe 2fc_.j. .,2!-l„2I-l 



-'ilzsyit-i^' Z2 
2k 



yi zatiy-^ z^ 



A, Zk-l 2k-l, 2j 2j+2l,2t 

Akz2yiz^ yi tiZ2yi z/^ tj 



2/1 23*1 yf 



L7 
L8 
L9 

Lio 
L12 



-4:lz2yizf-^yf-HiZ2yt 



,2.3 _2i+2fc ,2fe 



-Akzsyitf zf'^^^ yl^ zztiy^ 



A 7 2fc — 1 2fc— 1 , 21 ^ 

= -Akz2yiz^ yi tiZ2yi z^ 



^1 

1 2fc-l 
^1 

2l2l+2j,2j 



2k- 



A ■ ,2k 2k+2l 21 , 2j-l 2j-l 

fjZzyxti ^ t/i Z3tiyi 2l 

ly2l-l_i_^ ^_^^,2fe.^2fc+2j^2j 



21- 



il 222/1 23 

yfzzUyl 



-4jZ3yitf22'+2'=..2'=...-. .2^-1, 2,-1 



None of these terms is colinear to Mm,p, because of the exponent of ti which is always too large. 



• If m + p + i3 = j + / + with 1 < q <p < m and (m, p, g) 7^ (j, k, I), then M™,p,g = zitiyl"'+'^'' zl"'+^^ zjtl^ z^"'^ 
does not appear in E'z{P). In fact, 

> If m + p > j + fc, then Z3 never appears in E'3{P) with the exponent 2m + 2p. 

> If m + p < j + fc, we write the terms of E'^iP) which have yi with exponent 2m + 2q and Z2 with exponent 2, 
by setting C* = if 5 ^ [0, 2k] : 



'1 



L2 



= -4j22yi2/ 
= -2C2"fc032/ltl 



-1 2j- 
2/1 



'tiZ2yfzl'+^Hi'' 



= -4:jz2yiz-^ 



2j 



2j 2j+2l 21 2k-a.2k-a a a 
2/1 ^3 *1 2/1 2l 
1-1- . - 2fe„2fe+2i ,2i 



-1 2j- 
2/1 



'tl022/r«3 



-2C2^;Z32/lt?'22^+2'=^.?'=.2!- 



2/1 23 

-4feZ22/l2f-^f-ltl222/?^23^^+^'tf 
-2C,^,.32/ltf'=2r+^^y?^2r-''tf-^f2f 



~Alz2yizf 



= -4fcz22/l2i 



2fe- 



Ls = -2C2",Z32/ltf22" 
-i/lO 

ill 

^12 



2j ^2j+2fc^2fc 



'yf-'ii22y^ 

2i 2l+2j 2j 2k-a,2k 



1 2k- 
2/1 



2/1 



""2/f2f 



*l222/r2 



2i 2l+2j,2j 



2Clz,y,tTzl'^+''yfzl^-'tl^--ylzl 
■ \f-h,z2yrzf+'Hl^ 



= -4;Z2j/l2i 



21- 



= -2C2^^.Z32/l*f22'+''=yf22>--t2i- 



7 7 7 
2/1 2l , 
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with a € [0, 2A;], f3 € [0, 21], -ye [0, 2j] and a, P, 7 odd. 

None of these terms is colinear to Mm,p, because for each of the twelve terms, the equality of the multi- 
degrees gives a linear system which leads to an absurdity. For example, if Li is colinear to Mm.p, we have 
' 2m + 2g = 2j + 21 

^ Z^? _ ? , hence p = k, q = j, m — I, which is absurd by hypothesis. 

2g-l = 2j-l 

Case 4. P = R3{X^'+^Y^^+'^ Z'^^+^) (with < i < j < fc) : 
In this case, because of the degree, the only monomial for which we must show that it does not appear in E'^(P) 
is Mm,p,q with m+p + q — j + k + i,0<q<p<m and (m, p, q) ^ (fc, j, i). The study is the same as the one 
made in the third point of case 3. 

So we have proved the following result : 



Proposition 36 

The dimension of the 0—th space of Poisson homology of Bz is 3, i.e. dim(_ffPo(B3)) = 3 
This dimension coincides with Ami{H Ho{Bz)) . 



As for the vectors of highest weight of degree congruent to 2 modulo 4, we obtain recursively a formula which 
enables us to express them explicitly as sums of brackets : this is the subject of proposition [37l 



Proposition 37 

The vectors of highest weight of degree congruent to 2 modulo 4 are sums of brackets. 



Proof : 
• We have the formula 

Indeed, 



{RziX^"), i?3(x2')} = IpqEziX^^-^Y^^-^Z) 



(23) 
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TG63 



\ 51/ {(a;<Tl2/<T2 — 1/<t1Kct2)^*', {XriyT2 - yTlXT2)'^''} 



<y, Te({1.2,3)> 

E 

a, Te{{l,2,3)> 



qP9 E {Xa\yu2 ~ ya\X„2)'^^ ^ {Xr\yT2 ~ yT\Xr2f'^ ^ {x a\ya2 ^ ya\X a2, Xr\yT2 - yT\Xr2\ 



T663 



pqR-i{{xxy2 - y\X2) {x2Vi - y2X:i) {xzyi - yzXi)) , 



{■) 


X 


Y 


Z 


X 





Z 


-Y 


Y 


~Z 





X 


Z 


Y 


-X 






where the 4— th equality results from the table 
We also have 

Rz{X^P-^Y^''-'Z)R3{X^^) ^ ^[r3{X^^+^'-'Y^''-^Z) + Rz{X^^-^Y^''+^'-'Z) + Rz{X^^-'Y^''-'Z^'-+')] 

(24) 

So, according to Leibniz property and formula Il23p . we have 

= lpqR3{X^P-'Y^''-'Z)Rz{X^'~) + lprRz{X^P-'Y^^-'Z)Rz{X^'') 

• We deduce 

i^3(X2P-ly2q-l2-2r+l) 
= 3P3(X2P-ly29-l2)^3(X2r-) _ (^2p+2r-ly 2,-1 _ (^2p-l y 2,+2r- 1 

= ^{R^iX^"), R3iX'"')Rz{X^'')} - 'fRz{X^P-^Y^''-^Z)R3{X^'') - Rz{X^^+^-'-^Y'^''~^ Z) - Rz(X'^^-^Y^''+^-"^ Z) 
^ _2_{i?3(x2p), R3{X^'')Rz{X^'-)} - ^ [P3(X2f+2'J-iF2'-iZ) + Rz{X'^''-^Y^''+^''-^ Z) + RziX^^-^Y^''-^ Z^''+^)^ 

-i?3(X2f+2'-ly2'/-l^) _ ^3(x2p-lF2g+2r-l^-,^ 

(26) 
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where the equalities 1, 2, 3 result respectively from formulae ll24ll . ll25ll . ll24|l . 

• Then we proceed by recurrence on r : we show that for every r > 1 fixed, for every (p, q) e (N*)^ such that 
r < q < p, the element R'j,(X^^~^Y^''~^ Z^^ ^) is a sum of brackets : in fact, the case r = 1 comes from l|23p while 
the way from r to r + 1 results from l[26|l .B 

3.4 Study of D^. 

The result for Dz may be deduced from the result for B-j.. 

In fact, the vectors of highest weight are the same as the ones of -83 (this results for example from Proposition 
[T6|l . and they are given by remark [34l 

The element 1 is not a bracket, according to Proposition [D 

Equation iflTll is the same as for B-i. This shows that the solutions of equation ifTTjl are to be searched in the 
vector space {RsiX^), RaiX^Y^)). 

But these two polynomials have distinct degrees and we verify with the help of Maple that none of them is a 
solution of equation ifTTjl : see section 4. 

So we have the following result : 



Proposition 38 

The dimension of the 0—th space of Poisson homology of Dz is 1, i.e. Am\{HPo{Dz)) = 1 
This dimension coincides with diin{H Ho{Dz)) . 



Remark 39 

Propositions \y6\ and \y8\ show that the conjecture of J. Alev holds in the cases B2, D2 — A\ x A\, Bz and 

Dz = Az. 



Remark 40 

J. Alev conjectured that the equality dim HPq{W) = dim HHo{W) holds not only for the Weyl groups of semi- 
simple finite-dimensional Lie algebras, but also for the more general case of wreath products of she form W = 
r ^ &n, where T is a finite subgroup 0/SL2C. In particular : 

• Ifr = Ai, we have W = &„. In this case, an explicit calculation shows that dim HPo(W) = = dim HHo(W). 

• J/F — A2, we have W ~ -B„. The cases n = 2 and n = 3 have been verified (JAFOGf and the present article). 
For the case n > 4, this is still a conjecture ! 



4 Formal computations 

We collect in this section some verifications which are carried out with Maple. 



4.1 Definitions 

• The function Image calculates the image of the polynomial P G A[X] by the matrix J £ G1„C, according to the 
diagonal action, with X = (x, y), and A = C or A = C[z, t]. 

Image : =proc (P ,X: : list , J) local n: n:=nops(X)/2: 

subs({seq(X[i]=add(J[i,j]*X[j] ,j=l. .n) ,i=l. .n) , seq(X [i] =add( J [i-n, j-n] *X [j] , 
j=n+l. .2*n) ,i=n+l. .2*n)},P) ; end proc: 

• The function Reynolds calculates the image by the Reynolds operator associated to the group W C G1„C of 
the polynomial P € A[X], according to the diagonal action. 

Reynolds : =proc (P,X :: list ,W: : list) local card,n: card:=nops(W) : 
n: =nops (X) /2 : l/card*add(Image (P ,X,W [j] ) , j=l . . card) ; end proc: 

• The function kron gives the Kronecker symbol of (i, j). 
kron:=proc(i, j) if i=j then 1 else fi; end proc: 

• The function repr gets a permutation a G 6„, written in the shape of a list . . . , (j{n)], and gives the 
matrix of size n and of general term Si^cr{j), i.e. the permutation matrix associated to cr. 
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repr : =proc (sigma) local n: n: =nops (sigma) : 
Matrix (n, (i , j) ->kron(i , sigma[j] )) ; end proc: 



• Definition of the Weyl groups of B2 and D2 : 

tl2:=«0,l>|<l,0»: si : =«-l ,0> I <0, 1» : s2 : =«1 ,0> I <0 , -1» : 
sl2:=«-l,0>l<0,-l»: 

B2:=[seq(seq(seq(tl2~i.sl~j .s2~k,i=0. . 1) , j=0. . 1) ,k=0. . 1)] : 
D2: = [seq(seq(tl2~i.sl2~j ,i=0. .1) ,j=0. .1)] : 

• Definition of the Weyl group of B3 : 

with(group) : S3gr : =permgroup(3,{ [ [1 , 2] ] , [ [1 ,2 ,3] ] }) ; 
S3grbis : = [op (elements (S3gr) )] : 

S3grliste : =map(x->convert (x, 'permlist ' ,3) ,S3grbis) : 
S3 : =map (repr , S3grliste) : si: =«- 1 , , 0> I <0 , 1 , 0> I <0 , , 1» : 
s2:=«l,0,0>|<0,-l,0>|<0,0,l»: s3 : =«1 ,0,0> I <0, 1 ,0> I <0,0, -1» : 
B3:=[seq(seq(seq(seq(S3[i] . si" j . s2-k. s3-l , 1=1 . .6) ,j=0. .1) ,k=0. .1) ,1=0. .1)] : 

• Definition of the Weyl group of D3 : 

sl2:=«-l,0,0>|<0,-l,0>|<0,0,l»:s23:=«l,0,0>|<0,-l,0>|<0,0,-l»: 
D3:=[seq(seq(seq(S3[i] .sl2-j .s23~k,i=l. .6) , j=0. .1) ,k=0. .1)] : 

4.2 Verification of the calculations of propositions [311 and [32] 

The following calculations enable us to verify that E2{R2{X'^)) — for B2 and E2{R2{X'^)) 7^ for D2. 



ind: = [seq(x[j] , j = l. .2) ,seq(y[j] , j = l. .2)] : 

uB : =Reynolds ( (x [1] *y [2] -y [1] *x [2] ) "2 , ind,B2) ; 

vB:=add(z[j]*y[j]-t[j]*x[j] , j=l. . 2) *subs ({seq(x [j] =x [j] +z [j] , j=l. .2) , 
seq(y[j]=y[j]+t[j] , j = l • • 2) } ,uB) : 

equaB : =Reynolds (vB, ind,B2) :equaBd:=expand(equaB) ; 
uD : =Reynolds ( (x [1] *y [2] -y [1] *x [2] ) "2 , ind,D2) ; 

vD:=add(z[j]*y[j]-t[j]*x[j] , j=l. . 2) *subs ({seq(x [j] =x [j] +z [j] , j=l. .2) , 
seq(y[j]=y[j]+t[j] , j = l • • 2) } ,uD) : 

equaD : =Reynolds (vD, ind,D2) :equaDd:=expand(equaD) ; 

4.3 Verification of the identities of Proposition [35] 

The following calculations prove the identities EsiRsiX"^)) = and EsiRsiX^Y'^)) = 0. 



ind: = [seq(x[j] , j = l. .3) ,seq(y[j] , j = l. .3)] : 

ul : =Reynolds ( (x [1] *y [2] -y [1] *x [2] ) "2 , ind,B3) : 

vl:=add(z[j]*y[j]-t[j]*x[j] , j=l. . 3) *subs ({seq(x [j] =x [j] +z [j] , j=l- -3) . 
seq(y[j]=y[j]+t[j] ,j = l. .3)},ul) : 

equal : =Reynolds (vl , ind,B3) : equadl : =expand(equal) ; 

u2 : =Reynolds ( (x [1] *y [2] -y [1] *x [2] ) "2* (x [2] *y [3] -y [2] *x [3] ) "2 , ind,B3) : 
v2:=add(z[j]*y[j]-t[j]*x[j] , j=l. . 3) *subs ({seq(x [j] =x [j] +z [j] , j=l. .3) , 
seq(y[j]=y[j]+t[j] ,j = l. .3)},u2) : 

equa2 : =Reynolds (v2 , ind,B3) : equad2 : =expand(equa2) ; 

4.4 Verification of the calculations of Proposition [38] 

The following calculations show that the polynomials R3{X^) and R3{X^Y^) are not solutions of equation l|lip . 



ind: = [seq(x[j] ,2 = 1. .3) ,seq(y[j] ,2 = 1. .3)] : 
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ul : =Reynolds ( (x [1] *y [2] -y [1] *x [2] ) "2 , ind,D3) : 

vl:=add(z[j]*y[j]-t[j]*x[j] , j=l. . 3) *subs ({seq(x [j] =x [j] +z [j] , j=l. .3) , 
seq(y[j]=y[j]+t[j] ,j = l. .3)},ul) : 

equal : =Reynolds (vl , ind,D3) : equadl : =expand(equal) : nops(equadl) ; 

u2 : =Reynolds ( (x [1] *y [2] -y [1] *x [2] ) ~2* (x [2] *y [3] -y [2] *x [3] ) ~2 , ind,D3) : 
v2:=add(z[j]*y[j]-t[j]*x[j] , j=l. . 3) *subs ({seq(x [j] =x [j] +z [j] , j=l. .3) , 
seq(y[j]=y[j]+t[j] , j = l . . 3) } ,u2) : 

equa2 : =Reynolds (v2 , ind,D3) : equad2 : =expaiid(equa2) : nops(equad2) ; 
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